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Electron Mobility in Gases at Low Temperatures:
The Quantum Mechanical Lorentz Gas, 1
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The zero-field mobility of electrons in dilute gases at low temperatures is
studied. We consider the case where the de Broglie wavelength of the electron is
large enough that the mobility calculation must be formulated using quantum
mechanical kinetic theory. The electron mobility is then computed as a function
of the gas density with the approximation that the gas is considered as a
collection of fixed scatterers. We evaluate the first two terms in the density
expansion of the mobility, and compare these results with experiments.
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1 INTRODUCTION

In two papers, of which this is the first, we examine the transport properties
of electrons in gases at low temperatures where quantum mechanical effects
are important. In this paper we calculate the first two terms in the density
expansion of the zero-field electron mobility, u. In the next paper, we
discuss the quantum analogs of the classical divergences'” in the density
expansion of the electron mobility as well as the long time tail in the
Green—Kubo formula for u.* All of the above calculations are based on a
quantum mechanical kinetic theory that is a natural generalization of
classical kinetic theory.*
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The theoretical and experimental interest in y at low temperatures is
due to several interesting features of its dependence on density. At the very
lowest densities studied, p has a value that is consistent with the prediction
of the quantum mechanical Lorentz—-Boltzmann equation. As the density is
increased the mobility decreases and eventually a region of density is
reached where the mobility drops several orders of magnitude over a small
density range.¥ This large drop in mobility is usually attributed to electron
localization. The calculations presented here are restricted to densities
smaller than the localization density, and they describe the initial drop in
the mobility from its low density value.

To simplify the calculations, we consider the following model of the
electron—gas system:

(1) Since the mass of the electron, m, is much smaller than the mass
of the gas atoms, m,, we can treat the gas particles as though they were
fixed scatterers. For a typical gas, e.g, Helium, m/m,~ 103, which
implies this should not be a serious restriction on the theory because the
corrections are of order 1073,

(2) We explicitly treat the case where the interactions between the
electron and the gas atoms, as well as the interactions between the gas
particles themselves, are hard sphere interactions. Again, we do not believe
the use of the hard sphere interaction model for the electron—atom scatter-
ing is a serious restriction on the theory for low temperatures, where our
results will be applied, since under these circumstances we can use expan-
sions in powers of the electron-atom scattering length to compute the
properties of interest.> That is, the results of physical interest can be
expressed in terms of the scattering length, which, in turn, is insensitive to
the specific interparticle potential used, as long as the ratio of the scattering
length a, to the thermal de Broglie wavelength of the electroms, A, is small,
and the scattering length is positive. Here the thermal wavelength of the
electron is given by A = h(2zB/m)'/?, where  is equal to Planck’s constant
divided by 27, B =(kzT)"', k; is Boltzmann’s constant, and T is the
temperature. For a typical system (helium) the scattering length for the
helium—electron interaction is™® a=0.63% 107% cm and at T =4°K,
A~3 X 107¢ cm, a/A~2 X 1073, Further, although we set up the calcula-
tion to include effects due to the interactions of the gas particles among
themselves, these corrections will eventually be neglected since they are of
order no® ~ na®~ 1073, which is small compared to the effects calculated
in this paper. Here o is the hard core diameter of the gas particles and » is
the gas density.

With the above simplifications the problem is reduced to that of
calculating the electron mobility in a quantum mechanical Lorentz gas in
which an electron moves in the presence of N fixed scatterers.
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An important feature of the calculations given here is that we must
keep track of the various expansion parameters that can appear in the
theory. In classical mechanics the only expansion parameter involving the
density of scatterers, n, that can appear in the calculation of p, at zero field,
is na® because @ and n~'/? are the only lengths in the problem. In quantum
mechanics, however, there is a new length, A, so that the possible dimen-
sionless expansion parameters involving the lengths n='3 a, and A are
nA3, a/\, n\%a, na®\ and na®. The first parameter, nA%, does not appear in
our analysis since it is a parameter associated with the effects of quantum
statistics that are absent in our model of one electron moving in the
presence of N stationary scatterers. The second parameter, a/A, will
appear, and, as already mentioned, be taken to be much less than unity.
Now, since a/A <1 the remaining dimensionless parameters satisfy the
inequality’ nA% > na®A > na’. In the course of our calculations we will
show that for low temperatures the parameter #A\% does not appear in the
calculation of the density expansion of p so that the most important
expansion parameter is naA. It should be remarked that the appearance of
the parameter na’A can be understood from the fact that it is simply the
ratio of the de Broglie wavelength of the electron to its mean free path in
the system of scatterers, A//, where / ~ (na®) ™! is the mean free path of the
electron. That is, the first density correction to the dilute gas result for p
becomes important when the thermal wavelength is comparable to the
mean free path of the moving particle. We also note that in typical
experiments na’A ~ 10~", and that nA\%a ~ 50.

The Green—Kubo formula for the mobility of an electron moving in
the presence of fixed scatterers is®

— i e : ®© — ¢ dRN A A A N A
=g im lim o dte™ [ ST Tr[ 2R RN [A.(1) (L)
Qo0
N/f=n

where X =f,p are the quantum mechanical operators for the electron’s
position and momentum, e is the electron charge, the RY =(R,,R,,
..., Ry) are the positions of the N fixed scatterers in a volume Q, [ , ]
denotes commutator, Tr indicates a trace over a complete set of states for
the electron, (X, RY) is the statistical density operator in the canonical
ensemble (cf. Section 2), and p,(¢) is the z component of the momentum
operator of the electron at time #. Throughout this paper we use a caret to
denote a quantum mechanical operator.

5In typical experiments® a/A~2 X 1073, nA%a~50, na®A~0.1-1 and na>*~10"3,
6 See, for example, Ref. 6.
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The purpose of this paper is to evaluate Eq. (1.1) for a system where
the reduced density of scatterers, na?A ~\/I, is small. We will show that
the first two terms in a density expansion of g are (when a/A <« 1)

Be 2 2 2272 3
=—— ] - A+ O AY,
. 3(27r,3m)1/2n7ra2{ T [(na ) na ]}

= pg[1 — 7’na’A] (1.2)

with p, the mobility given by the quantum mechanical Boltzmann equa-
tion.

The outline of this paper is as follows. In Section 2 we give the basic
formulas needed for the calculation of p as well as a formal density
expansion of p in terms of dynamical time displacement operators and
reduced density operators. This is accomplished by generalizing a proce-
dure due to Zwanzig!” for obtaining virial expansions of transport coeffi-
cients for classical systems to quantum systems. As a result, we obtain a
kinetic equation for the Laplace transform of a time correlation function
which, when solved, gives p as a density expansion in terms of dynamical
operators and reduced density matrices. In Section 3 the reduced density
matrices are computed by using the equilibrium binary collision expansion
(BCE) of Lee and Yang.®® In Section 4 we use the results of Sections 2 and
3 to derive the first term in the density expansion of p, the Boltzmann
contribution, pz, in Eq. (1.2), and in Section 5 we use a nonequilibrium
binary collision expansion” to compute the first density correction to p,
[cf. Eq. (1.2)]. We then compare Eq. (1.2) with existing experimental data
for p. In Section 6 we discuss the relationship between our results and that
of previous workers in the field and make some concluding remarks.

2. BASIC FORMULAS AND CLUSTER EXPANSION OF THE
ELECTRON MOBILITY
We begin by considering the equilibrium density operator in Eq. (1.1)
given by
exp| — BH(%,RY
R
Zy+(BS)

ﬁeq()‘i ? RN) =

where Z,,, | is the canonical partition function for a system consisting of N
fixed scatterers and a moving electron of mass m,

Zyo(B9) = f %Trexp[—ﬁﬁ(ﬁ,k’v)] 22)
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where H(%,R") is the Hamiltonian operator. H (%, R") can be conveniently
written

H(#,RY) = H,(%,R") + H (R") (2.3)
with
AL R = Ho) + 3Vt~ Ry (242)
i=1
A,(5) = 2”m (24)
Hy(RY) = 2 W(R; — (2.4c)

where Vd(f — R,) is the dynamical interaction potential between the moving
electron and the ith scatterer. In the coordinate representation:

V,r—R)=00 for [r—R|<a

2.5)
V,r—R)=0 for r—R]|>a

Similarly, V(R; — R)) is the interaction potential between two stationary
scatterers / and j:

Vo(R; —R)) = o0 for |R,—R]|<o

(2.6)
Va(R,—R) =0 for [R,—R{>0¢

with o the diameter of the scatterers. Also, in Eq. (1.1), §,(?) is given by
A1) = exp[i—g (ﬁ,R”)t]ﬁZexp[ ~il (x,RN)t}
H H
= exp[i# (ﬁ,RN)t}ﬁzexp{ —i% ()’(‘,RN)t:(

= exp[ il(X,R")¢] §, (2.7)

where we have used the fact that H(R") commutes with p, and the last
equality in Eq. (2.7) defines the Liouville operator, £(%,RY) = (1/ h)[H A%,
R™), ] for an electron moving through an array of N fixed scatterers. It
should be remarked that exp[i2(%,R")¢] is a superoperator that acts on
operators and not state functions.

In order to facilitate the evaluation of Eq. (1.1) for p as a power series
in the density of scatterers we make an operator cluster expansion of the
quantum mechanical time displacement operator exp[it£(%, RY)]. For this
simple system the Ursell cluster expansion of the operator exp[it£(%, RY)] is
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given by
N R i N
exp[ itB(%,RY) | = exp[ ()] + ZIQL[()?,R,.,t) + 57 > dy(%,RR; 1)
i= i#j
4+ A, &,Ry .., Ry L) (2.8)

where L(p) = (1/ h)[ﬁo(f)), } and the Ursell operators, GiL,, can be obtained
from Eq. (2.8) by considering the cases N = 1,2, ..., successively. This
leads to the following results for the operators U, A,, . . . :

qy(%, Ry, 7) = exp[ (%, R,) | — exp[ir2(p)] (2.92)
dly(%,RRy, 1) = exp it(%,R\Ry) | — exp[ itR(%,R,)]
- exp[itﬂ(ﬁ,Rz)] + exp[itﬂ(ﬁ)} (2.9b)

After inserting Eqs. (2.9) into Eq. (1.1) one can show that the electron
mobility is given by

i . . Trra a,avi1d,a
,u,=%%11m lim o[£ 8(5)]9(. <) (2.10)
where (f)(ﬁ, ¢) is defined by
b(p, ) = @o(ﬁ)ﬁz
+ 2 . de’ 2,60)]7'[4 4R A, R ep,  (2.11)

Here 8,(p) = [e — zﬁ(p)] is the free particle propagator, GiL, (%, R, ¢) is the
Laplace transform of GZLI (%, R, 1), and the g(&X,R’) are reduced density
operators defined by

8) _ ( arr [~ PHRE.RY)]

Q YT Ze (B (2.12a)
5(%,R _, exp[ — BH(%,RY
AR e arit o0 A& R (2.12b)
Q QN+1 ZN+1(B’Q)
_, exp[ — BH(%,RY
(%, R, Ry) = N(N — 1) [ 4R P~ AT RT)] (2.12¢)

QN+1 ZN+I(:BsQ)

The factors of € in Egs. (2.12) have been included so that the reduced
density operators remain finite in the thermodynamic limit (N — oo,
Q— o0, N/Q— n; cf. Section 3). In giving Eq. (2.11) we have also formally
defined the inverse of [2, (p)] to be [£, (B)]"'. In Section 3 we will show

A A

how these reduced density operators, and [£, Z(p)] ', can be computed as a
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power series in the density. We note that because the reduced density
operators themselves have a density expansion, Eqs. (2.10) and (2.11) do
not yet constitute a density expansion for p.

To proceed further, we first point out that each of the terms in the
expansion of u given by Egs. (2.10) and (2.11) does not exist in the limit
€—0. To see this we need only note that §y(p)p, = €~ 'p,, since j, commutes
with £(p), so that the first term in Eq. (2.11) diverges as e—>0. Further,
using the nonequilibrium binary collision expansion of the QL, $ given in
Sectlon 5, one can convince oneself that each 9, (¢) diverges as e "+ 1 as
€—0.” These divergence difficulties are also present in the classical version
of this calculation and they are eliminated here, as in the classical case, by
rearranging the density expansion of <I>(p ¢), given by Eq. (2.11), using a
procedure due to Zwanzig.(”

Zwanzig’s method is to define a new set of superoperators ) ;& RLe)
by writing Eq. (2.11) identically as

b(p, e ‘ie—lﬂ(p) T de’ (&R, e)] 5 (213)

or
€— n—l IA,‘, ‘e A‘,e=‘ .13b
[ 27 [ar'$ (2, R )}‘I’(p )=2. (2:13b)

where we have used that B(ﬁ)@(ﬁ, €) =0, since @(ﬁ, €) is diagonal in the
momentum representation as can be easily shown. By expanding the
right-hand side of Eq. (2.13a) in powers of n and equating the coefficients
to those of the identical powers of n on the right-hand side of Eq. (2.11), we
obtain

del B,(%,R;,€)

=de1g0—‘(ls)[z*, 017 '[4 sRRYILE . RLOSB)  (2140)
deldeZq?,l(ﬁ,Rl, R, ,€)

= [dR, [aR,65 ' B)[ £, 48)] [ £ §(% RRo) [A(%, R R, )55 (B)

~2 f dR, f dR, B (&, R, €)80(0)B (%, R, €) (2.14b)

and so on.
In the following sections we will explicitly show that the above
procedure allows one to compute the lowest-order contribution to g, due to

7 The appearance of these divergencies is reasonable since it is known that the low density p is
of O(rn~"). From this it follows that an expansion of g in positive powers of # is not valid.
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GJ%I, as well as the first density correction to this value, due to %,. Further,
in the next paper of this series we will show that if one proceeds to the next
order in n, and considers %3, then one finds logarithmically divergent terms
of relative order (na*\)*loge.

3. THE REDUCED DENSITY MATRICES IN EQUILIBRIUM

In the prev1ous section we derived a formally exact operator kinetic
equation for €I>(p, €) where both dynamical operators, QL,, as well as
commutators of the form [£, (%, R’)] appear, with g(%,R’) the reduced
density operators defined by Egs. (2.12). In this section we show how to
calculate the $(%,R’) as a power series in the density. Further, we show that
if a/A <« 1 then the largest dimensionless density expansion parameter that
appears in these expansions is na®\, ie. the parameter nA%a does not
appear.

Asa sm1phfy1ng approximation we will replace H %,RY) in Egs. (2.12)
by Hd(x,R } given by Eq. (2.4a). That is, we neglect the interactions
between the N scatterers which is equivalent to neglecting excluded volume
corrections of O(na’). Since the leading density corrections calculated here
are of O(na*\) this is justified when a /A < 1. Using this approximation we
will compute the reduced density matrices given by Egs. (2.12) by making
an operator Ursell cluster expansion of exp[— ,BHd(x R™)] and by evaluat-
ing the cluster functions by means of an equilibrium binary collision
expansion similar to that given by Lee and Yang.®). When carrying out this
procedure, we will find that for low temperatures, the most convenient form
for the density expansion of the equilibrium distribution functions is
obtained by using an inversion procedure similar to that used to define the
) ; in Section 2. In this way we will show that the terms of O(nA\%) in
Zy,1(B,9) are canceled by those in [dR™ ' exp[— BH, (%, R™)] [cf. Eq.
(2.12)).

We first calculate the partition function ZN +1(8,2). Here we use the
operator cluster expansion of exp[— ,BHd(x, M)] defined in analogy with
Eq. (2.8) by

exp[—ﬁﬁd(ﬁ,ﬁ’v)]
N
= CXP[ —ﬁﬁo(f’)] + glﬁl(i’Ri’ B)

N
2 D%, R, R, B)+ - + dy(R,R,R,. .. Ry, B) (3.1)



Electron Mobility in Gases at Low Temperatures. 1 75

Using Eq. (3.1) for N =1,2, ..., one obtains the explicit form of #,(%, R/,
B), successively:

2,(%,R;, B) = exp[ — BH, (%, R))] — exp[ — BH,(B)]  (3.22)
(%, R;, Ry, B) = exp[ — BH,(%,R,,R,)] — exp[ — H,(%, R,)]
— exp[ — BH,(%,R;)] + exp[ — BHy(B)]  (3.2b)

Inserting Eq. (3.1) into Eq. (2.2) we obtain in the thermodynamic limit
Z(pm)= lim Zy, (B.Q)
N/Q->n

- ol -ptap]+ 5 5 [amasn)| e3)

To evaluate Z( B, n) it is convenient to represent the operators in Eq. (3.3)
in terms of their Laplace transforms with respect to 8. That is, we write Eq.
(3.3) as

Z(Bmy=1r (2—171)f7+’°°dseﬁs

£ ”—,lde’ # (%, R, s)}

s+ Ho(p) =l
(3:4)

with #,(%,R/,s) the Laplace transform of 4,(%,R/, 8).

The structure of the density expansion of Z(8,n) given by Eq. (3.4)
can be determined by introducing a binary collision expansion of the
#,(%,R’,s). The binary collision operator #, that describes the interaction
between the electron and a scatterer at R, is defined by

o ﬁdl(i,R])] [s+HB)] (359)

{(R,Ry,5)=V,(t -R)

The matrix elements of / in the momentum representation of the moving
particle are

$PI7 (&, R5) D> = 11(p, Py 3 Ry) (3.5b)

with |p>, the free particle momentum eigenstate,

rlpy = W exp(ip - t/h) (3.5¢)

We remark that the # matrix given by Eq. (3.5b) is directly related to the ¢
matrix that appears in quantum mechanical scattering theory.”” Equation
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(3.4) can now be written as

- 1 L Y+ioc Bs
“BM = Gy S | e

X

Gip)+ 3 L [dR . R’,s)} (3.6)

with Gy(p) =[s + p>/2m] ™" the “equilibrium” free particle propagator. In
Eq. (3.6) the first few u,’s are given in terms of ¢ matrices by

JaRuu(pR,5) = = [dR, Gy(p)f,(2)Go( ) (3.72)

and
% f dR, f dR, uy(p, R}, R, , 5)
= [aR, [ @R, (Go(p)i1(1)Go( ) i2(P) GolP)

— Go( P)E1(P) Go(R)E2(R) Go(@)E\(P)Go(P) + - - -} (3.7b)

where the sign of each term is determined by a factor (—1)/ with j the
number of ¢ operators and

G0) = [dp (0.0 R)P@' D) (338)

where P(p/,p) is a permutation operator that changes the index p to p’ in
any function f(p) on which it acts.

The “naive” density expansion, Eq. (3.6), for Z( 8,n) can only be used
to compute the partition function for sufficiently high temperatures and
low densities such that nA’%a < 1. To see this, truncate Eq. (3.6) by keeping
only the term of O(n). If one then uses the identity (proved in Appendix
A):

s R / /
(@r.sR)=e0] izl @-p e 69)
where 1(p, p’, s) is independent of R, in Eq. (3.6) one finds

=1 L (rFim g B
2= Gy Joam [

X[ Go(p) = n27h)’t(p, p,5)G3(p) | (3.10)

In Appendix A we show that to O(a), ¢(p,p,s) is given by a/4n*im. Here a
can be either the range of the hard-core potential defined by Eq. (2.5), or



Electron Mobility in Gases at Low Temperatures. | 77

the low-energy, s-wave scattering length for a more general potential. Using
this in Eq. (3.10) we easily obtain

Z(B,n) = ;\13 [1—n\%a] + O(a?) (3.11)

Further, one can easily convince oneself that in Z( 8, n) all powers of nA\%a
appear. Because we are interested in density and temperature regimes
where nA%a is not small (see note 5 above) all terms of this order must be
resummed.

As mentioned above, this resummation is most easily carried out by
using the same rearrangement of Eq. (3.6) as was given in Section 2 for Eq.
(2.11). To this end we define a new set of operators, b,(p R/, 5), by means of
the identity

go(p) + Z il deluz(P’Rl 5) =

s+ o + 2 de’b,(p,Rl s)}

(3.12)

As in Section 2, we expand the right-hand side in the powers of the density
and by equating powers of n, we can determine the &’s. Using Eq. (3.7), we
find that the first few s are given in terms of 7 operators as

del b(pR;;5) =del £(p) (3.132)
f dR, f dR,B,(p,RRy; 5)
= [dR, [dRy[ £\(p) Go( P) 2(P) Go{ P)11(P)

~ 1,(P) Gol P)x(P) Gol P)1(P) Go(P) (D) + - - ]

(3.13b)
The insertion of Eq. (3.12) in Eq. (3.6) yields
‘Y+IOO
(2 h) 2771[
7S 7 ! -
X|s+ 3 + 1§1n de b,(p,R ;s)} (3.14)

We can now determine Z(f3,n) where all powers of nA% are re-
summed. If we denote the lowest-order approximation, by Z,( 8, n) where
only bl( 2R, 5) is retained and use Eqgs. (3.8), (3.9), and (3.13a), we find
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that

= 1 1 y+ioo ;g
Z(B,n) iy fdp @ fy‘iw dse

2 -1

P
X [s + S +n(2wh)3t(p,p,s)] (3.15)
In Appendix A [cf. Eq. (A.8)] we show that to O(a?) t(p,p,s) is given by
t(p,pys) = —2— | 1+ L 2ms)'/?| + O(d® 3.16
Bpis) = 5 [ 1+ 5 @m) 2]+ 0@ (3.16)

Inserting Eq. (3.16) into Eq. (3.15), keeping the contribution of O(a) only,
we obtain

e~ BE, e~ n\a

A? A?

Zy(Bn)= (3.17a)

where
2
Ey=na 711 (3.17b)

In the next part of this section we show that, for low temperatures, one
cannot consistently retain the term of O(a?) in Eq. (3.15) without perform-
ing further infinite resummations. Further, we will show that each approxi-
mation to Z(B,n) is proportional to e A% and that each term in the
numerator of Eq. (2.12) is also proportional to e~ #Z so that ail terms of
O(nA%a) in the reduced density matrices eventually cancel.

(a) {b)
©
+ + e'e + eee =
0
(c)

Fig. 1. (a) The equilibrium two-scatterer ring diagram. (b) The equilibrium two-scatterer
rattling ring diagram. (c) The equilibrium two-, three-, . . ., scatterer ring diagrams and their
sum. The wavy line here represents renormalized propagation.
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The first dens1ty corrections to Eq. (3.15) are obtained by including
b2(p, R,R,,s), given by Eq. (3.13b), in Eq. (3.14). To catalog the various
terms that appear in the analysis we use diagrammatic technique. The first
term on the right-hand side of Eq. (3.13b) will be called the two-scatterer
ring diagram due to its graphical representation given in Fig. 1a, where the
number circles represent the scatterers and the straight lines indicate
propagation between the scatterers by G, (p). The second term in Eq.
(3.13b) will be called the two-scatterer rattling ring and is illustrated in Fig.
1b. It will turn out that the two-scatterer rattling rings and the higher-order
terms in Eq. (3.13b) will not be needed for the analysis presented here for
the reduced density matrices.

If we now restrict ourselves to the two-scatterer ring diagrams the next
approximation for Z( B, n), denoted by Z,( 8, n), is

2l bmy = Q27 h) f"zinfymd e

7’
X|s+ 3+ n(2ah)’t(p.p.5) + n* [dR, [dR,

-1

><r‘l<p)Go(mt‘z(p)Go(p)fl(p)] (3.18)

The use of Eqs. (3.8), (3.9), and (3.16) leads to an expression for the
partition function of the form

Zy(B.n)= @ h) f sz fﬂ-mdseﬁs
-1

X| s+ 2]) +n(27rh) t(p,ps) + 0( \/; ” (3.19)

Equation (3.19) still cannot be used as it stands to compute the first density
corrections to the value for Z( 8, n) given by Eq. (3.17a), for low tempera-
tures. This can be seen from the fact that the low-temperature value of
Z,(B,n) is determined by the small s value of the integrand in (3.19), and
for small s, the term of O(n?/ys) dominates the other contributions to
Z,( B,n). Thus to obtain a useful expression for Z( 8, n) we will have to sum
the most divergent (as s—0) terms in the integrand on the right-hand side
of Eq. (3.14).

For the case of interest here this can be easily done because the /
(/=2,3...) scatterer ring diagrams, illustrated in Fig. lc, are the most
divergent terms to each order in the density. The resulting resummation is
illustrated diagrammatically in Fig. lc and to carry it out we only need to
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sum a geometric series. The resummed partition function, denoted by
Zx( B, n), is given by
y+ioco
ds e
2mi f

2 A
X {s+§’ +n(2mh)*t(p,p, ) — deltl(p)

Zp(B,m)=

@ 7?)

-1

)
1 ~ 1 R
X{ s+ p2/2m+ nfdRyby(p) s+ p/2m }h(p)j (3.20)

Using Egs. (3.8), (3.9), and (3.16) to lowest order in the scattering length, a,

we obtain
fy+toodse’35

Zg(B.my=
X {s+ —[—)i +n(27rh)3t(p,p,s)

2k)

2m

a(2ms)'/? a(2my'/? -
- E, ( h) +E, (h) (s+EO)1/2} (3:21)

with E, given by Eq. (3.17b). Inserting Eq. (3.16) into Eq. (3.21) we see that
the terms proportional to Vs cancel and that Z( 8, #) can be written

Zathm = (2—;;[ 2mfy+mds e

X {s + TP% + 2\/77na2h( 2’—”@)1/2} #l+ 0[(na2?\)2,na3]

(3.22)

where we have used the transformation s’ = s + E,. Giving s the weight
1/ 8 we see that the corrections to Eq. (3.17b) are of O(na*\) as expected.

By means of Egs. (3.22) and (2.12a) and the fact that 2(%) is diagonal
in the momentum representation, as is easily shown, the reduced density
matrix g(p) given by (p|ZX)|p>/Q2 = g( p)/(2wh)’ can be computed to
O(na*\). To obtain g( p) we use the same cluster expansion and approxima-
tions for the exp|— BH(%,RY)] in Eq. (2.12a) as was used in calculating
Z( B,n). Proceeding along identical lines an expression for g(p) correct to



Electron Mobility in Gases at Low Temperatures. | 81

O(na’)) is
2; [rtieds e {s+ - +2\/_nazh( 2“) }_
o P 2( 2ms\/2]
@ h)3 Jd sz J1tizdse® {s + oyt 2ym na h(Tn—) }
+0[ (na?A) ,na’ (3.23)

To O(na®\) we can expand { } ! about the terms proportional to na’. The
term of O(na®\) from Z(B,n), the denominator in Eq. (3.23), vanishes
identically, as can be shown by carrying out the indicated integrals, so that
to O(na\)

3 172 +ico
}\3 -ﬁp /2m _ A 2 2h i) Y d Bs
g(p)= o Tha ( - Iy se

i) —ico
Vs 2342
X ———+ 0| (naX)
[s +p*/2m] [ ]
=gp)telp+ - - (3:24)

We postpone further evaluation of the term in Eq. (3.24) of O(na’A) until
Section 5 where it will be needed to calculate part of the first density
correction of O(na’A) to p, defined by Eq. (1.2).

The remaining reduced density matrices defined by Egs. (2.12) can be
calculated as a power series in na’A by a similar manner. Because the
procedure is straightforward we quote only the results here. The one-
scatterer reduced density operator, £(%X,R,), can be written [defining }f(i,
Rk

F(R.R) = £(B) + f (X R)) (3.25)
In our calculation of p we will need the matrix elements of A (%, R,) only to
lowest order in na?A. From Egs. (2.12b), (3.1), (3.7a), and (3.16) we obtain

Pl (&, R)Ipy> = exp[ = (iR, /B) - (p—p) [h(pp))  (3269)
where [E(p) = p*/2m]
A3 a\?
@7y’ B[E(p)) — E(p)

h(p.p;) = ] {exp[ — BE(py)] — exp[ — BE(p)])

(3.26Db)
with the corrections to Eq. (3.26b) being of relative order na’A. We also
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need the two-scatterer reduced density operator, £(%, RR;), which can be
written [defining h(x R R):

SRR =g(R) + AR, R) + A(R,Ry) + A%, R.Ry)  (327)

with the matrix elements of ﬁ(i,RI,RZ) being at least of O(a?). In our
calculations of g to O(na®\) we will not need the explicit form of hA()i,
R,,R)).

Examining Egs. (2.10) and (2.11) we see that the quantities involving
the reduced density operators that appear in the calculation of y are the
commutator of these operators with Z, the operator for the z component of
the moving particles position. Using {p|Z|p,> = (#/)[(3/3p,,)8(p, — p)] we
obtain

B2 20 o> = 50 -p) 52 (28)
ll2 2@ oo = —56 - p) i a—ga—;@} (3:29)

iz g Ry = =4 {[ 5+ & [rw )
X exp{ B pl)] (330)

In the next two sections of this paper these results as well as those in
Section 2 will be used to derive Eq. (1.2).

4. THE ELECTRON MOBILITY IN THE LOW-DENSITY
APPROXIMATION

In this section we use the results of Sections 2 and 3 to compute g in
the low-density or Boltzmann approximation. We first use the general
expression for the electron mobility given by Eqgs. (2.10) and (3.28) as

9g(p)
p=— m)— llj)r(l)fdpfl)(p,e) . @.1)

since CIA>(f), €) and [Z, §(p)] are diagonal in the momentum representation.
The low-density result for p can be obtained from Egs. (3.24), (4.1),

and (2.13b) by keeping only the term of O(n), %l(x, Ry, ¢), in Eq. (3.13b).

Denoting this lowest-order approximation to (IJ(p, €) by ®y(p,e) we obtain
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from Egs. (2.13b) and (2.14a) the operator kinetic equation
(= n [, 67 B)[2 26)] [ 43Ry
X G?Ll(ﬁ,Rl,e)ggl(ﬁ)}cﬁo(ﬁ,e) =5 (42)
From Eqs. (3.25) it follows that [Z, §()]™ 2, &Rl =1+ 1[4, gP]'[2,
A%, R))]. In the last part of this section we will show that the contribution
proportional to A(%, R,) in the above expression gives a vanishing contribu-
tion to ®(p,€) as e >0, and we consider first the term that does not depend
on A(%,R)).
It will be useful here and in the next section to define a nonequilibrium

binary collision operator(” (actually a superoperator), T'(%, R,, €) in analogy
with Egs. (3.5a) and (3.7a),

T(%,R;,€) = 85 ' ()W (%, R, €)85 ' ()
= iV(%,R)) -[:Tm [e— )] (4.3)
with
V&, R) = 5 [VE-R), |=3 [V*R), ] (4.4)
Using all this, Eq. (4.2) can be written
e n[dR, TR, |S(p.c) = 5. (45)

A kinetic equation can be derived from Eq. (4.5) by taking matrix
elements with respect to free particle states. This leads to

n(2ah)’
Q

€®y(p, €) — f dR, (p|[ T(%, R, )By(B, €) | Ip>

= eDy(p.€) — nA(p,€)Dy(p,€) = p, (4.6)

where the second equality defines the collision operator nA(p,€). From Eq.
(4.6) one can derive (as e —>0) a quantum mechanical Boltzmann equation
where all powers of the scattering length, @, appear through the quantum
mechanical cross section ~|{p|/(%, RI,E(p))]p1>|2 where E(p) = p*/2m.*®
However, since the experimental region of interest is a/A <1 we will
compute only the leading contribution in the scattering length expansion.
In Appendix B [cf. Eq. (B.3)] we show that the leading contribution to
the matrix element in Eq. (4.6) is of O(a?) and that the s-wave [~ O(a?)]
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quantum mechanical Boltzmann equation is

e o o 2 ] 2e
Dy (p, €) (2 h)( 2him )fdp {€2+(1/h2)[E(p)—E(p1)]2}

X[2(p1,€) = B(p:€) ] =p. @47

This integral equation for ®(p, €) can be solved by noting that the collision
operator is an isotropic operator. A solution can then be obtained by
setting @y(p,€) = p, o p). As e—>0 we obtain

P:
Polp€) = 477’:11512 ?

From Eqs. (4.1), (4.8) and Eq. (3.24), and neglecting the term of
O(na®) in Eq. (3.24), we can easily obtain the low-density value for y, ju,.
The result is

(4.8)

e . mzfdp& Igo(P)
m(2wh) 4ana ap;
__ ke

3(2pm)'*nwa’

b = —

(4.9)

which is the first term in Eq. (1.2). We remark that this result is equal to
one-fourth the purely classical low-density mobility!” since the s-wave
hard sphere cross section is four times the classical hard-sphere cross
section. .

Next we verify that the term in Eq. (4.2) proportional to A(%,R,) gives
a vanishing contribution to ®y(p,€) as e—>0. In terms of T(X,R,,¢) the
collision operator for this contribution is

n (27rh)

<[dR, (pl[2.8(0)] '[£A(R.R))]

X [8o(P)T(%, Ry, @B, ¢) ]Ip) (4.10)

where the factor e originates from the term G4 '(P) to the left in Eq. (4.2).
From the facts that h(x,Rl) is not diagonal in the momentum representa-
tion [cf. Eq. (3.26)] and that the matrix elements of T(X,R,,€) are well
behaved as e—>0 (cf. Appendix B) it follows that Eq. (4.10) vanishes as
e—>0.

In the next section we will compute corrections to Eq. (4.9) of relative
order na®\. Since we have already neglected terms of O(a/)) the inequality
na’\ > a/\ or naA*>1 must be satisfied for this to be a reasonable
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procedure. As already mentioned this inequality is satisfied in typical
experiments (see note 5 above).

5. THE FIRST DENSITY CORRECTION TO g,

In this section we will use the formalism developed in the previous
sections to determine the first density correction to the Boltzmann result for
the zero-field mobility. We will obtain the expression for (p/pg) given
earlier by Eq. (1.2), where terms of order unity and of order (na®\) have
been taken into account. We will consider higher-order terms in the
following paper.

We begin by considering the kinetic equation for fI)(p, ¢), Eq. (2.13b),
and by using the fact that the first two terms in a density expansion of
CI)(p, €) are obtained by retaining only %1, and ¢ 6?)2 on the right-hand side of
Eq. (2.13b). If we denote the corresponding approximation to <I>(p €) by

(P, €), it follows that & (P, €) satisfies the equation

A 2 A A
[e—~ n[dR S, (R, R,e) = L [dR, [dR, B,(%, R, Ro. ) |88, = 5.

(5.1

where €IA?> and 6%2 are given by Egs. (2.14a) and (2.14b), respectively.

The plan of this section is to solve Eq. (5.1) and to obtain p to O(na’\)
by the following method: (1) We first determine the action of G?Lz(xl, RR,,
€) appearing in Eq. (2.14b) for & 632 by making a nonequilibrium binary
collision expansion of it in terms of the T operator defined by Eq. (4.3).
This (BCE) is formally analogous to that given in Section 3 for the two
scatterer equilibrium cluster operator 4,(%, R;,R,,s). (2) We then order Eq.
(5.1) in powers of the scattering length noting that terms of O(n%*®) on
the left-hand side of Eq. (5.1) are needed in the iterated solution of Eq. (5.1)
around @, (cf. Section 4) to obtain corrections to yj of relative order na’A.
(3) We then iterate the resulting equation around the solution d)o(pl,e)
obtained in Section 4. (4) Three types of correction to u, of order na®\ are
then identified and computed: (a) Corrections due to the replacement of
go(p) in Eq. (4.9) by the correct value to O(na®\), go(p) + g,(p), where
g(p) is the contribution to the equilibrium single-particle distribution
function from the equilibrium ring events defined in Section 3. (b) Contri-
butions to p of order na’A due to dynamical events involving two scatterers
and the moving particle described by those terms in the operator 532, that
are independent of the equilibrium correlations £, and (¢) corrections which
we will refer to as “static corrections” coming from the terms in ) , that are
proportional to the equilibrium correlation ﬁ(x R).

We begin with the binary collision expansion of G2L2(3< R.R,.¢), in



86 Kirkpatrick and Doriman

terms of T operators, given by
Ay(R,R LRy, €) = (1 + P )o@ T(R1R,,€)8o(B) T (R, Ray€)S ()
+ (1 + Pp)So)T (X, Rp,€)So(D) T (X, R, , €)8(P)
X T(%, R, €)8,(p)
+(1+ Plz)Qo(ﬁ)T()?,Rl,e)go(ﬁ)T(ﬁ,Rz,e)go(ﬁ)
X T(%,R, )80 TR Ry, €)84(B) + O(T°)  (5.2)
where P, is a permutation operator that interchanges the scatterer labels i
and j. We note that the term of O(T?) in Eq. (5.2) can be neglected since
each T operator is at least of O(a) and we need to keep only terms of O(a%)
on the left-hand side of Eq. (5.1) to obtain the corrections to pp of O(na\).
To obtain a kinetic equation for & i(p, €) we insert the binary collision
expansion of "?Lz, Eq. (5.2), into the expresswn for 4 532, Eq. (2.14b). In
addition we use the cluster expansion of the £’s given by Eqgs. (3.25), (3.27),
and the analysis of the operator %, in Eqgs. (4.3) and (4.6). Finally we take

free particle matrix elements of the resulting form of Eq. (5.1) and we
obtain

[e — nA(p,€) |®i(p.€) — L;(p,€; D)) — Iy(p€; @) = p, (5.3)
where the action of the quantum Lorentz-Boltzmann collision operator on
@} is given by [cf. Eq. (4.7)],

nA(p, )P, (p, € —2"“ dp, 2mhe @ (p,,€) — ) (p, e
9@ = 20 | oo+ (pz_ﬁ)z}[ (r9) ~ 2P )]

(54)

The contribution to this equation from dynamic events involving two
scatterers of the moving particle is

n2(27r)’t)3
Ii(p:e; @) = - a delde2

X {pl{ T(%, Ry, €)8(B) T(%, Ry, €)96(B) T (R, Ry €)

X[1+8(B) TR Ry, 081,00} > (55)
while the static contribution is given by
n*(2ahy’
Iy(p,e; @) = — deledRz
X QI TE R, &)[ 2, 2B)] '[4AR.Ry)]
X 8o(B) T(%, Ry, )&1(8,¢) } I (56)
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Fig. 2. (a) The nonequilibrium two-scatterer ring diagram. (b) The nonequilibrium two-
scatterer rattling ring diagram.

Where in writing Eq. (5.3) we have neglected all terms with an A & R) to
the extreme left since these contributions are proportional to € (cf. Section
4) and vanish as e— 0, giving no contribution to the electron mobility.

It should be remarked that I,(p,e; ®;) is the sum of two types of
dynamical operators acting on @] and they will be called the nonequilib-
rium two-scatterer ring contribution, involving a product of three T opera-
tors, and rattling ring contribution, involving four T operators, respectively,
in analogy with the equilibrium interactions discussed in Section 3. Dia-
grammatically these contributions are given in Figs. 2a and 2b, respectively,
where a horizontal line connecting X and i (i = 1,2) represents a T(%, R;, €)
operator and the vertical line segments under X represent free particle
propagation, §,(p).

Further, the terms 7, and I, are of O(a*®) as can be seen by noting
that if a scatterer index ¢/ (i = 1,2) appears in only one 7 operator and if
there are no A operators with the same index then that T operator is at least
of O(a?) since we integrate overall R, (cf. Appendix B). Using this and Eq.
(3.26b) it follows that I, and I, are at least of O(a*®)).

To calculate p to O(na’A) we need only solve Eq. (5.3) iteratively
keeping the zeroth and first iterate around the solution of [e — nA(p,€)]
®y(p, €) = p,. Writing

Qi (p.€) = Dy(p. €) + D((p,€) + Dy(p.) + - - - (5.7a)
and
Di(p.€) = Qyu(p€) + Pi(p€) (5.7b)
the equations to be solved are
[e — nA(p, e):l(I)O(p, € =p, (5.8)
[€ = nA@P,€) [P (P, €) = L;(p: &; Dy) (5.9)
[€ — nA@P, €)@ (pr €) = To(p, € Do) (5.10)

where we have used the fact that these operators are linear operators to
define ®,, and @, by Eqgs. (5.9) and (5.10), respectively.
In terms of ®; and @, the electron mobility is given by Egs. (4.1) and
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(3.24) to O(na®\) as
b= fip + flog + g F g (5.11)

where pj is the Boltzmann contribution given by

go(]’)

lim f dp ®(p, )

m(2~rrh) >0 12

g = —

Mo, is obtained from Eq. (5.12) by replacing gq(p) by g,(p), the equilibrium
ring correction to go( p),

81(1’)

ot = dp Qy(p, 5.13
Post (2Wh) e_)of P Lo(P.€) =5 G-13)
Bz is given by
go(P)
=——=—lim |dp® € 5.14
Bia m(27rh) €_)Of P 214(Ps€) (5.14)

where we have used that to O(na®A) we can replace g(p) in this contribu-
tion by go(p). Similarly p,, is given by

im [ dpo1,(p. <) ga"(p ) (5.15)

Prist (2W' h) e—)O
These contributions will now be computed in order.

The Boltzmann contribution was calculated in Section 4 with the result
given by Eq. (4.9). p, can be computed from Egs. (5.13) and the expansion
of g(p) given by Eq. (3.24). If we use the identity dg,(p)/dp, = (9p/9p,)
(9g,(p)/9p), and the expression for @,, and then integrate Eq. (4.8), by
parts, we obtain

(P) (5.16)

Host = (2 h) 3

We next insert the expression for g,(p) from Eq. (3.24) into Eq. (5.16)
interchanging the s and p integrals to obtain the final result for g,
Pos = — pp2na’A (5.17)

Next we consider y,,. One can easily check that I,(p,e; ®,) contains
only isotropic operators, from which it follows that 7, like ®,, is propor-
tional to p,. Using this, Eq. (5.9) can be solved by writing ®,,(p,¢€)
= p,¥14(p). Then, as €~ 0, we obtain from Eqgs. (5.4) and (5.9),

D y(p,e) = m2 1,(p,€; o) (5.18)
4mna’p

If this expression is inserted into Eq. (5.14), and we use Eq. (3.24) for go(p),
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we obtain

e 3 Pz — m
fa” - (2271) 4mna® f ap s hmld (P, P0)  (5:19)

To proceed with the evaluation of Eq. (5.19) we first note that
1,(p. €; Dy) (and hence p,,) can be written as the sum of two contributions:
L,(p,€; Dg) = 17 (p,€; Do) + 17 (P, €; By) (5.20)
Big = Rig+ Bla (3.21)
I7(p, e; @) will be called the “virtual collision” part of I, defined to be that
part of I, proportional to ®(p,e€), i.e., those terms in which the momentum
p of the zeroth-order solution ®, has not been changed by the action of the
various collision operators. Ij(p,e; ®,) will be referred to as the “real
collision” part of I, and contains those contributions where @, is evaluated
at a different momentum, p,. We first evaluate u;,.
In Appendix B we show that matrix elements of the binary collision
operator T(X,R,,¢) acting on an operator A can be expanded in powers of
the scattering length a, and the first two terms are

Pl TR Rype)4 (%,R) ] 1p>
= i( 2;2-“%2—?; )fdpz{eXp[ ;;;1& (P — Pz)}@zg(ﬁ’w)'w
~ iR, A
-—exp[ 5 (2 P)]<P1|A (ﬁ’Rl)lp2>}

+(47;-2h2 )fdpzfdmexp[ —— (P —ptps— p)}

X (pald (], R')lp>

| FomEeEGa] * TR )
)8
x { exp| < o[ 5 }I/Z@ZIA‘ (2.R)p>

rerp| @) = }Vzw‘ @I,R’)iw}

+0(a%) (5.22)
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With the aid of this and Eq. (4.8), a straightforward but lengthy algebraic
manipulation yields

o _ __Be (2B) m
Md_*:,ws/z(',;) MhRehmf dp pe” ,Bp/2f dp, pi

(P - 2mhi¢-:)1/2 —(p* - 2mhi€)
[p% - P -r+ 2mbhie]

(p*— Zszie)I/2 + (p,z + 2mhi€)1/2
+

+ iy (5.23)
[p% -p*+ 2mhi€]2

where Re denotes the real part and i}, is given by

- Be ( 278 )3/2 _
o dp pe— 7/
big 6m2\ m (2'”) e-—)Of p p
+ oo +1 +1
X k? d
f_w dk fo arp”plf_1 do [ doy
. -1 ; g 7.2 771
_ i 2_ 2 _’kP"_thk
X[E 2 (P ‘D)] [e m 2m }
X _ikplol _ihkz___ i 2,2 - 5.04
T Tm T dm ZmR (PP (>-29)
By carrying out the integrals in Eq. (5.23) one can easily show
12 = filg (3:25)
Equation (5.24) can be evaluated by using the identity
= 1
—L— = imd(x) + G,P( - ) (5.26)

where ¥ denotes principal value. Using Eq. (5.26), scaling p, with p
(p, = xp), and carrying out the p integral we obtain

+1 +1
Bl = Ig 2)\f dx xf_ldo _Idol

y o[1- x*(1-o})] Do 1 57

[1-x(1-0})]"

x@’( . )@ L
x =1 40(c — xo) + x*— 1

1
1 )10]@[ 4o(c — xa)) + xt—1 } (327)

|
_ 2@(
xt—
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where
H(x) =1 if x>0

=0 otherwise (5.28)

and |o| denotes the absolute value of o. The remaining integrals in Eq.
(5.27) are all elementary and can be explicitly evaluated with the result

2

B, = — pgna’h 777 (5.29)
The evaluation of p|, is rather lengthy. We summarize the calculation in
Appendix C, and merely quote the final result here:

Py = — pgha’A EZE (5.30)
Combining the results given by Eqgs. (5.21), (5.29), and (5.30) we obtain

g = — pgha’Am? (5.31)
We next determine p,,,. To do this we solve Eq. (5.10) and then use Eq.
(5.15).

From Egs. (5.22), (3.26a), and (5.6) we find that I (p,¢; ®,) is given to
O(a"®,) by

(b€ @) = = Qani{ oo ) [y [l —— {[E<p)2~€ E(py)]/nY’
dgo(ps) 17
5] (s pon)

Dy(p,,€) — Do(pys€)
e—(i/R) E(p)) — E(po)]

+n2(27rh)6i( a )2‘1(@)1/2[ ago(l’)y1

47’ Hm h ap,

x “ B e }”Z[ Ep) + i }/}

Dy(p, €) — Do(pss€)
xfdp,{ [ 5%; + 8_1?; Jh(l”pl)} e—(i/D) E(p)) — E(p)]

(5.32)

In evaluating Eq. (5.32) and solving Eq. (5.10) ill-defined angular integrals
like [dp/p, are encountered. We interpret these integrals as principal value
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integrals yielding [df/p, = 0 with the remark that other reasonable inter-
pretations® do not change the value obtained for the electron mobility.
With this, the first term in Eq. (5.32) is found to vanish and with the second
term on the right-hand side of Eq. (5.10) @,(p, €) can be determined. Using
the fact that nA(p, €) is an isotropic integral operator we obtain a value for
> from Eq. (5.15), given by

2 2, 2 2 2
Bige = — ;%(277;1)3 nhm( = ) ( : )

4ana’® ) \ da*W’m

1
xllmfdpfdpr — (i/m[E(p) — E(p)]

P 9 _ P
l:p apz (p’pl) P apz

h(p,pl)} (5.33)
with A(p,p,) given by Eq. (3.26b). The integrals in Eq. (5.33) can be
evaluated without difficulty with the result

P = pp2na’A (5.34)
From Eqgs. (5.11), (4.9), (5.17), (5.31), and (5.34) we obtain p to O(na®\):
w=pg[1 = 7na’r] (5.35)

which is the result quoted in the Introduction.

There may still be additional contributions to u/uz of order na*\
which we have not included in Eq. (5.35). Such additional terms would
come from terms in the binary collision expansion, Eq. (5.2), involving
products of three or more T operators that would formally be of order a° or
higher, while we have only taken into account terms of order a*. The terms
of order a°, etc., would not contribute to the coefficient of na’\ in p/puy if
the coefficient of these terms were momentum integrals convergent at their
upper limit. However, it is possible that the momentum integrals diverge if
the upper limit is set equal to infinity, and the physical upper limit of
Pmax = 1/ a for s-wave scattering would need to be invoked to obtain finite
results. From this we see that using the finite upper limits on the momen-
tum integrals could produce additional factors of a~!, etc. which taken
with the powers of a from the T operators ultimately lead to corrections to
p/ pg of order na’\. However, the contributions of these additional terms
appear to be very small, typically on the order of a few percent of the total

& For example, if p, is replaced by p, + i0* then there is a delta function contribution ~8(p,)
that does not contribute to p due to symmetry.
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Fig. 3. The electron mobility times the density, np, as a function of density for 7= 4.2°K.
The solid line here represents Eq. (1.2) and the dots represent the experimental data of
Schwarz. (9

contribution, and we will neglect them here. The relative smallness of these
contributions follows from the fact that at large p the integrands of the
momentum integrals are rapidly oscillating due to the appearance of
spherical Bessel functions in the 7 operators, for large momenta (cf.
Appendices A and B), leading to a small coefficient for these terms.

In Fig. 3 we have plotted Eq. (5.35) as well as the experimental results
of Schwarz¥ for the electron mobility of helium at low temperatures. A
discussion of this figure will be given in Section 6.

6. DISCUSSION

In this section we compare our results to those of previous workers and
then conclude this paper by making some general remarks about the
calculations presented here.

(1) In this paper we computed the first two terms in the density
expansion of the electron mobility. Previous workers who have attempt-
ed similar calculations using binary collision expansion methods are Neus-
tadter and Coopersmith,('" and Braglia and Dallacasa,'® and their calcu-
lations will be discussed in order.

The calculation that is closest in spirit to ours, and that leads to a
number of interesting results, is that of Neustadter and Coopersmith. These
authors attempt to compute the zero-field mobility of an electron in helium,
which is modeled as a system of randomly placed stationary, hard-sphere
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scatterers. They develop cumulant expansions for the canonical partition
function for the electron in this system, and for zero-field mobility, and
they make a scattering length expansion of the various cluster operators
that appear in the cumulant expansion. By summing a large class of terms
in these expansions, Coopersmith and Neustadter obtain an expression for
the mobility that shows a pronounced decrease of several orders of magni-
tude over a small density range, and thus they seem to have provided a
kinetic description for the “localization” of the electron in helium. Their
results are also remarkably similar to a phenomenological description of
localization due to Eggarter and Cohen.'® Unfortunately, Coopersmith
and Neustadter’s results are not correct as they stand, nor are their results
supported by the calculations carried out here. The central difficulty of
their approach resides in the fact that they do not sum all the classes of
terms in their cumulant expansion that must be taken into account for
consistency. In fact the one class of terms they inconsistently neglected,
when treated on the same footing with the others, precisely cancels the term
that provided the effect of localization. To illustrate the cancellation, which
occurs in both the partition function and the mobility, we outline Coo-
persmith’s!'? calculation of the canonical partition function in Appendix
D, and show that the ring diagrams discussed here in Section 3 cancel the
important terms needed by the author for the description of localization.
Therefore, in view of this cancellation, one must regard the kinetic descrip-
tion of the electron localization in helium as still an open problem which
will require a more extensive analysis of the dynamical effects than has
been given so far.

On a more modest scale, Braglia and Dallacasa‘!¥ have carried out an
evaluation of y similar to that given here, where they look only for the
first-order correction to the Boltzmann value. However, they took into
account only the term that we have denoted by g, in Section 5 of this
paper. That is, they neglected both the dynamical and static correlations
from @%3 which must be consistently retained. Further, their calculation of
los, Was also inconsistent since they used what corresponds to our Eq. (3.10)
with £ to 0(a? without at the same time performing the equilibrium ring
diagram resummation. As shown in Section 3 all of these terms must be
treated together.

(2) The most important difference between quantum mechanical
kinetic theory and classical kinetic theory appears to be that the nonequilib-
rium binary collision operator in quantum mechanics has a contribution
proportional to the scattering length a. Because of this, at low temperatures
where a scattering length expansion can be used this purely quantum
mechanical part of the 7 operator is the dominant part. In fact, it is
responsible for the term of O(na®) in p.
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(3) In Section 5 we solved Eq. (5.3) iteratively and showed that the
total contribution to the term of O(na?\) in Eq. (1.2) is due to the
dynamical collision sequences illustrated in Fig. 2, i.e., all effects due to
static or equilibrium correlations are canceled. Here we note that if 7 (p,€;
@) is neglected in Eq. (5.3) from the beginning then the resulting integral
equation can be solved exactly. To show this one needs

nA(p: )¢ (p)p. = ¥(p)pnA(p. 0)2; (6.1)
L,(p,0;4(p)p.) = ¥(p)pls(p,0; £2) (6.2)

where {(p) is an arbitrary function of |p| and g, = p,/|p|. Equation (6.1)
follows directly from Eq. (5.4) and Eq.(6.2) can be verified by using Egs.
(5.5) and (5.22). Further, we believe that properties similar to Eqgs. (6.1) and
(6.2) are valid to all orders in the density and in the scattering length since
an isotropic kinetic equation should (as e = 0) transform an incoming state
with momentum p into an asymptotic outgoing state with momentum p’
with the restriction |p| = |p’|. We note that collision operators which contain
static correlations, e.g., I (p,€; ®)), are not isotropic operators due to the
commutators [£, ] that they contain, cf. Eq. (5.6). Consequently, they do
not satisfy a property similar to Eq. (6.2) and do not conserve [p|.

Using Egs. (6.1), (6.2), (5.4), (5.5), and (5.22) in Eq. (5.3), neglecting
1.(p,e; D7), we obtain

’ — m P:

%i®9 4mna® [p+ 4n’na’h | )

Inserting Eq. (6.3) into Eq. (4.1), consistently replacing g(p) by go(p), and

expanding [p + 47°na*h]™" in @i(p,0) about p~! yields Eq. (1.2) plus
corrections of O [(na*\)?].

(4) In Fig. 3 we compare our results for p with the experimental data
of Schwarz, and find reasonable agreement between theory and experi-
ment for densities not too high. We note that a horizontal line in this figure
would represent a mobility, p15, given by the Lorentz—Boltzmann equation.

APPENDIX A. DERIVATION OF THE -MATRIX

In this appendix we calculate ¢,(p, p, s; R,) defined by Eq. (3.5) for the
hard-sphere interactions given by Egs. (2.4) and (2.5). Since similar calcula-
tions have been given elsewhere('¥ we will only sketch the calculation here.
Further, since in Appendix B we will need #(p, p;, —%w; R,) we calculate
here #,(p,p;, —(z = i0); R)) = £{=)(p, p;» —2z; R,) in the complex z-plane cut
along the positive real axis.



96 Kirkpatrick and Dortman

To determine #{*)(p,p,, — z; R,) we first define a ket vector, |y *),
that satisfies the Schrodinger equation

[z %00 — Hy (%, R) D™ =p,> (A1)
Using Eq. (3.5), we can express the ¢ matrix in terms of {p|¢>(*) by
d(p~p1) N 1
ziiO—E(p)] [z:*:iO—E(p)]
1
A2
ceo-ggm] MY

The plan of this appendix is to solve Eq. (A.1) in the coordinate representa-
tion, i.e., solve the equation

<p’\b>(i) = [

X <p';(i)(i’ Rla - Z)lp1> [

. 7 .y explip,-r/h
z+ 0+ m V% - Vd(l"" RI)}<II'¢/>( ) = ‘——([5—751)?—]— (AS)

and then use

= b arexp[ ~ip-r/Alr| gy A4
I ammf p[~ip-r/A1r () (Ad)
in Eq. (A.2) to determine {p|/**)(%,R,, — 2)|p,>-

Equation (A.3) is the Schrédinger equation and for the hard-sphere
interaction given by Eq. (2.5) its solution can be easily obtained in terms of
partial waves.”® The result is®

W(r—Ri|) exp[ip,-R,/A]
z+i0— E(py)| (2h)*?

<r'¢>(i—> = [

X { exp[ip, - (r—R))/h] — i QI+ )i’
=0

Ji(pra/h)

A= ($a)

Here W(Jr — R}]) is a characteristic function that vanishes for |r — R| < q,
and is unity otherwise, P, is the Legendre function, ’ is the angle between

X Py(cos8") B (Sr— Ry)) (A.5)

It should be remembered, that in solving Eq. (A.3) for hard-core potentials there is a
problem. That is, for these potentials we must have {r| 4> = 0 for |r — R} < @ which is not
consistent with the right-hand side of Eq. (A.3). This difficulty can be overcome by
incorporating W(jr — R;|) functions into the definition of the ¢ matrices as in the classical
case for the 7 operators.('> We do not do this here since the effect of the inconsistency in
Eq. (A.3) leads to excluded volume corrections of O(na’) which can be neglected here.
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p, and r—R, j, is the spherical Bessel function, 2{*) is the spherical
Hankel function of the first (+) and second (—) kind, and { = [2m(z =+ i0)
/#?]'/2, Using Egs. (A.2), (A.4), and (A.5) we obtain

®IF Ry, = 2)lpr) = exp[ — R, (p = p)/B] @b — 2)
_[zxi0- E(p)]
(27h)’

exp[ —iR; - (p— Pl)/h}

X { drexp[ —ir- (p— p;)h]
[f<a

1]1(]’1 a/h)

+ 2(2l+ 1)i h<*>(§ 2

derexp[_ip.r/h]W(r)P,(cosH’)hl(t)(fr)

(A.6)

Examining Eq. (A.6) we see that Eq. (3.9) has been verified.
1*)(p,p;, — z) can be computed by carrying out the r integrals with
the result

. ) 2 j1(“|P_P1|/h)
“ppo=2) = 22 0- E(p)] 2:2;22 b —pil

+ 4vr£;hm 120(21 + DFi(cost)
14\ . { Pa hlfx(fa) , 1
<ol )il )h(+)(§) im0 )i(57)
(A7)

where § is the angle between p and p;. To 0(a®)t*)(p,p,, — z) is given by
(%) - i4 + 1/2) + A.
2P, Py —2) = th { ‘7 [2m(z = i0)] } 0(a’) (ASB)

APPENDIX B. DERIVATION OF THE 7T-OPERATOR

In this appendix we derive the representations of the nonequilibrium
binary collision operator given by Egs. (5.22) and (4.7).
From Egs. (4.3) and (4.4) the left-hand side of Eq. (5.22) can be
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written

@[ TR R4 RY ]Ipd
i i+ e
zj(; dt (277i)2 J;dwfcldw g~ Hwte)t

7 1
: {<P1| A — [(ﬁd(i’kl)/h) + “’]

A 1l 1
BHER [(ﬁd(ﬁ’RI)/h) - w’] v

—<pl L ]ﬁ(f,R’)

[(Hi(%.R))/B) + @

~

8 [(ﬁd(ﬁ,nt)/h) — ] i(ﬁ’Rl)lw] (B.1)

where B(%,R!) = [e — iL(p)]A (%, R) and ¢(c") is a contour in the complex
w(w’) plane that passes above the real axis and is closed in the lower half

plane. Equation (B.1) can be easily expressed in terms of the ¢ matrix
defined by Eq. (3.5) as

@[ TE R4 R, R) ] p>

= —ihfowdte_"fdwfldw’e“"(“”""')’
@17 R, Ry, he)[p,)<pol B (%, RY)p)
x [ dpx [ [E(py) + ha ][ E(p) — hed |
@B R pal (R, —H)lp)
[E(p) +ho][ E(ps) — he' |
_fd <P11;(’A‘7R1’hw)|P2><P2|§(i’RI)IP3><P3|;(’2’R1’ ‘h‘*”)lp>
Ps [E(Pz)"‘h‘*’][E(Pz)”h“’/}

11
X[ E(p)—Fo  E(p) + o }}
(B2)

Using Egs. (A.6) and (A.8) in Eq. (B.2) and carrying out the w, o' and ¢
integrals Eq. (5.22) can be obtained without difficulty.
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We note that in deriving the quantum mechanical Boltzmann equa-
tion, dxscussed in Section 4, Eq. (B.2) appears with p,=p and w1th
A=4 (p) diagonal in the momentum representation. For this case <p2|B(x
RY)|p) = e4(p)8(p — p,) and Eq. (B.2) can be written

PI[ TR R, )4 (B)]Ip)

= zhef dte” “fdwfdw' _’("’"'“’)’fdpl

1(Ps i ) 1 (s, s — i) { i B |
[E(p) +he][E(p) —h'] | E(p) —he’  E(p) + e
x[4@) - A@p)] (B3)

where Eq. (A.6) has been used as well as the generalized optical theorem:
I 1(% Ry, o) — 1(x, Ry, —he') |p)
<P|t (X Rl’hw)lpl><pllt (X, Ry, —ho)|p>

E(Pl) + h“’HE(Pl) h“’/]

Equation (B.4) can be easily derived from the definition of ¢ given by Eq.
(3.5a). From Egs. (A.8), (B.3) and Eq. (4.6), Eq. (4.7) can be obtained

—h(w+w)fd, (B4)

APPENDIX C. DERIVATION OF EQ. (5.30)

In this appendix we sketch the derivation of Eq. (5.30) for p,;. From
Egs. (5.22) and (4.8) straightforward but lengthy algebraic manipulation
yields

r € 277 3/ %] — B2 /2m

0 5 [+ 5 1 +1
Xfo dplp,f_w dkd f_l doo do, 0,

-1

ikps k217! -1
x{[“?”ﬁ] <= 5 (71 = 7)]

-1

_ink? _tkpey i 5,
X{e am " m 2R P P)}

j ikpo _ ink?
e g -] [ g - - 4

m 2m



100

xle_

T (PP~ = T

ikpo _ ink? ]_l[e_ ikpyo; _ ink? ]
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ihk* _ ’kl’l“l
2m m
-1
zhk _ tkpyo,
th (P ‘Dl) t o m }

tkpo ikp,o, o €+ ihk* _ tkpyo, 1
2m m

-1

m 2m m 2m

ikpyoy  ipk? i 2 2 !
m 2m“2mh(‘_1’)]

ikpo _ ink? ]"[e_ ikpioy  ini? }”’

ikpa ihkz]_l{e_ikplal zhkz}

m 2m m 2m
ikpo ,th -1
m 2mh (p1 )]

-1

m 2m m 2m

: - po g2 17!
(PP |- T -2

m 2m
ikPl“l lhk2 !
m 2m
ikpo _ikpyoy i, -
m  m " 2mh (1’1‘1’2)} (CH

where in giving this expression we have used identities like
f dp pz[ €—

where dff is the angular part of dp. By repeated use of Eq. (5.26), scaling p,

ik-p _ipk* ) 2wkp d ikpo k21
mE-me] - o e~ TT0 - 2K

2m k 2m

(C2)
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with p (p; = xp), and carrying out the p integral we obtain

2 1 1
By = —pg 2 A foodxxzf+ doo [ do, o,
2 0 -1 —1

X 3778 (x> — 1)8(0 — 6,) +29

x (! )|a|@[ ! }+g[l_x2(l_“%)]

x?—=1 40(0 — xo;) + x> — 1 [1_x2(1_0%)]1/2

— x2 1 1
X[2x001+ : ]@( x -1 )@[ 4o(a—xa,)+x2— 1 } (©3)

The remaining integrals in Eq. (C.3) are elementary and can be straightfor-
wardly evaluated. The last two terms are found to precisely cancel and the
first term gives Eq. (5.30). We believe the above cancellation is a general
feature (cf. Section 6.3) of the calculations and is related to Bég’s theorem
used in quantum mechanical scattering theory (see, for example, Ref. 16).

APPENDIX D

In this appendix we outline the calculation of the canonical partition
function for an electron in a random system of fixed, hard-sphere
scatterers, as given by Coopersmith.(!"’ We then show that the incorpora-
tion of the additional terms that must be retained for consistency leads to a
cancellation of the terms needed by Coopersmith for his description of
electron localization.

We begin by writing the canonical partition function, Z, as

- dRY Are DN dpe 7 /m

Z= lm T -BHRRM] = [ Z2=——7Z (D.1
Jim, e[ guer e[ ~BAERY ] = [ 05—2, (D)
Q>0
N/Q=n

where Z, can be expressed in terms of equilibrium cluster operators
4k, R, B), Eq. 3.2), by

X 1
,=1+G7' S [dR'Gla(%, R, B)lp> (D2)

where C, = Qe Ar/2m (2wh) 3. We next carry out a cumulant expansion of
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Z, by writing
0
Z,= exp[ 121 n'B, (p)j} (D.3)

By expanding the right-hand side of Eq. (D.3) in powers of #, and then
comparing the result with Eq. (D.2) we find that the terms in the cumulant
expansion B,(p), are given for /= 1,2, ... by

B(@) =G [dR Gl Ry B =)  (D3a)
By(p) = uy(p) —~ ui(p)/2 (D.3b)

with

C -1

u(p) =—Fy [dR, [dR, plis(%, Ry, Ry, B)lp) (D3)
By(p) = us(p) — u(p)[ a(p) — 1i(@)/2] — wi(®)/3!  (D.3d)

with

c-!
us(p) =57 f dR, f dR, f dR, {p|;(%, R, Ry, Ry, B)p>  (D:3e)
and so on.

Now we make use of the binary collision expansion of the cluster
operators (%, R, 8) discussed in Section 3, to write the u,(p) in the form of
expansions in powers of the scattering length a.

For example, using Egs. (3.7a) and (3.16) we find

— 1 y+ico ebe PN |
=—-C '|dR,z= de ———— {p|t (X, R,
u;(p) v f 15 j;_ioo € [e n E(p)]z <ple( 03] )2

—_c '8 a 1 (r+ie, _ e
j‘:’—iw ) [e+ E(p)]2

1/2
X [1 + %(Zme)] + O(az)
= ugl) + ugz) + ... (D.4)

when the superscript denotes the power of a, in the scattering length
expansion of u,(p).
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Similarly the binary collision expansion of u,(p) has the form

P _—1__ y+iw e~
()= G delfdkz 2mi fy_,-w a [e+E(p)]

X {<p|f(i,R1,e)[e +ﬁ2/2m]~1t‘\(i,R2,e)|p>

e

~ plf &Ry, &)[ e+ p7/2m] ' F (R, Ry €)
A 1A 4
X[e+p2/2m] t(X,R,e)py+ - - }

=ty 5(P) + tp3(P) + Uy (P) + - - - (D.5)

where the additional subscript u, ;(p) denotes the number of binary colli-
sion operators in the particular term on the right-hand side of Eq. (D.5).
Since each of the ¢ operators in the u, (p) has an expansion in powers of
the scattering length, one can expand the u, ,(p) in powers of a as

uy . (p) = 45 (p) + “g,ii+ D (D.6)

where the superscript denotes the power of a, and we use the fact that each
t operator has an a expansion beginning with the first power of a. Thus

w(p) = u3(P) +[53(p) + 3 (P)] + O(a*) (D.7)
One can carry out similar fand a expansion for the higher-order functions

u,(p). When these expansions are carried out and inserted in Eq. (D.3) for
the cumulant function B,(p), one finds that

Bi(p) = u,(p) = uy,(p) = u{}(p) + u{2(p) + O(a%) (D.7a)
By(p) = u§3(p) + us(p) — uiY(p) + uF (@) + O(a*) (D.7b)
By(p) = u§3(p) + 143(p) — ui}(p) + ui3(p) — w3 (@3 ()
—ufY@)us3m) + [u®) ¥ B0) + 0(a) (D7¢)
and so on.

Here we have made use of the explicit form of the uf{ operators to
remove terms that cancel in the expression for the B,(p). For use below, we
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note that the explicit form of some of the uf{’ are given by

2
ug?g(p)=cp—1(2wh)39( ! )27“(2;”)1/2

d7*hm
i Be 172
% f [ Sk (D.8a)
Mo [e+ E(p)]

3
Wy = - cp—lsz(zwhf( pi . ) 2m°m(2m)'/2

1 Y+ico enBE
— de ——4———— D8.b
o1 e [+ E(p)]’ )

and

. 33
ul=-C, 1(27771)69( 4Wghm) 38 (2m)'2

ico Be 1/2
__1—. fY+ df-——e—G/———4 (D.SC)
27 Jy~ieo e+ E(p)]

Explicit expressions for u{!) and u{% were previously given in Eq. (D.4).
With these preliminary manipulations we can now outline the method
of Coopersmith. The idea is that if one wants to develop an expression for
Z, valid when naA?>> 1, then a term-by-term evaluation of the terms in the
cumulant expansion is not sufficient since it gives a representation for Z
that is only useful for naA?< 1. Instead one must resum the terms in the
expansion to obtain results that can be used when nA% > 1. Coopersmith
has carried out a partial resummation of the series developed here. That is,
he considers the sum 3% ,n'B,(p), and for each of the B,(p), he includes
most, but not all of the terms of order a’*! or less, in the scattering length.
In particular, he neglects all the terms that contain uf;{}, such as u{3,
ung, ... appearing in Eq. (3.7), and its generalization to higher order in /.
When the terms in which u{;{ (p) appear are neglected, and the sum over
all orders in density is carried out, Coopersmith obtains the result Z_, given

by
Z, = (2wh)_3fdpe_ﬁpz/z'"exp( — Bnai’2m [ m)
2(27)"*na*h .
Xexp{ —£~)—172—-— [(,Bicz— DM (B k) — B/ et /2} (D.9)
m'/ %
with

1/2

2 2
x=(%+4ifn‘-’h—) (D.10a)
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and
M(x) =2 [*Payer (D.10b)
0

The analysis of localization made by Coopersmith is based in large
part on the density dependence of this quantity, Z.. However, the difficulty
with his analysis is that when the terms involving ujT{ are taken into
account, all the effects cancel. To see this, consider for example, B,(p), Eq.

(C.7b). The terms included by Coopersmith are
B, .(p) = u§3(p) — uiY()ui3(p)

2 1/2
= a( ak’2m ) (Zn;l) ehrt/am _1_

m 2qi
[ ivgeen| 262 Bl (D.11)
fy—ioo [e+E(p)] [e+ E(p))

However when the term u{?) is added to this one obtains

2 2 2m 12 2 ico Be
By(p) = ——a( ah 2'”) @) eﬁpﬂmL. T g d ____\/Ee 5
m /] 2w Jy_iee  de [€+E(p)]
+0(a*) =0+ 0(a* (D.12)
A similar cancellation occurs at every order in the density, and the final,
consistent result is

e BEo

z=3 [l+0((na2}\)2)] (D.13)

where Ey = nah®2w / m.

This is in agreement with the result obtained here by another method,
cf. below Eq. (3.23), and it does not contain any features as yet useful for a
description of localization.
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